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We apply the scattering approach to the Casimir interaction between two dielectric half-spaces
separated by an electrolyte solution. We take the nonlocal electromagnetic response of the interven-
ing medium into account, which results from the presence of movable ions in solution. In addition
to the usual transverse modes, we consider longitudinal channels and their coupling by reflection at
the surface of the local dielectric. The Casimir interaction energy is calculated from the matrix de-
scribing a round-trip of coupled transverse and longitudinal waves between the interacting surfaces.
The nonzero-frequency contributions are approximately unaffected by the presence of ions. We find,
at zero frequency, a contribution from longitudinal channels, which is screened over a distance of the
order of the Debye length, alongside an unscreened term arising from transverse-magnetic modes.
The latter defines the long-distance asymptotic limit for the interaction.
I. INTRODUCTION
Over the last decade, the scattering approach [1, 2]
to the Casimir effect [3] has allowed for the derivation
of exact results for a number of non-trivial geometries,
including the ones most often investigated experimen-
tally: the plane-sphere [4–11] and sphere-sphere [12–14].
Within the scattering approach, the Casimir effect arises
from the recurrent multiple scattering of electromagnetic
fluctuations between the interacting surfaces [15]. In
the particular case of two homogenous half-spaces sep-
arated by a layer of empty space or of a third homo-
geneous medium, one recovers the standard Lifshitz [16]
and Dzyaloshinskii-Lifshitz-Pitaevskii (DLP) [17] results,
respectively. The unretarded van der Waals interaction
is obtained in the limit of short distances as a particular
case [18].
Applications of the scattering approach in colloid sci-
ences and biophysics requires the inclusion of the screen-
ing caused by ions dissolved in a polar liquid (water in
most cases). As in the double-layer interaction between
prescribed charged surfaces [19, 20], movable ions could
indeed be expected to screen slowly fluctuating charges.
Alternatively, in the language of the scattering approach,
the electrolyte solution displays a nonlocal electric re-
sponse (spatial dispersion) allowing for the existence of
longitudinal modes [21] in addition to the standard trans-
verse ones.
The complementary case in which the intervening
medium is local, whereas the interacting half-spaces are
nonlocal, has been extensively analyzed in connection
with the anomalous skin depth effect in metals. Indeed,
free electrons exhibit a nonlocal response that modifies
the Casimir interaction between metallic plates [22–26].
The nonlocal response of metals has been recently con-
sidered in connection with quantum friction [27]. The
unretarded van der Waals interaction between nonlocal
half-spaces across a local medium has been derived in the
context of metals [28] and electrolytes [21].
In the case of electrolytes, the common view is that
only the Matsubara zero-frequency contribution as given
by DLP result [17] is modified by screening (see for in-
stance [29] for a recent review), since the plasma fre-
quency associated to the presence of ions is always much
smaller than kBT/h¯ (where T is the temperature). In
other words, fluctuations at all nonzero Matsubara fre-
quencies are too fast to be screened by ions in solu-
tion. The zero-frequency contribution is then usually
considered apart from the nonzero Matsubara terms, and
results are derived from the linear Poisson-Boltzmann
equation, either by considering its Green function [30],
or by analyzing the zero-point energy of surface modes
[31, 32] as in Ref. [33].
For the interaction between metallic plates, the zero
frequency contribution is relevant only at very long dis-
tances, in the micrometer range and beyond. Screening is
hence negligible in the experiments probing the Casimir
force between metallic surfaces across ethanol [34, 35] at
distances up to ∼ 102 nm. On the other hand, the zero
frequency contribution provides a sizable fraction of the
total interaction energy even at distances in the nanome-
ter range if the electric permittivities of the interacting
and intervening media are approximately matched in the
infrared spectral range. An important example, given its
applications in cell biology, is that of lipid layers interact-
ing across an aqueous medium [36, 37], particularly on
account of the very large dielectric constant of water at
zero frequency. The screening of the van der Waals force
was inferred from measurements of the distance between
lipid membranes (in the nanometer range) as a function
of salt concentration [38]. Given the complexity of such
systems, comparison with an ab-initio theoretical model
for the van der Waals interaction appears as a daunting
task.
Simpler configurations, more amenable to theoretical
descriptions, could provide a testing ground for inves-
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2tigating the salt screening effect. Indeed, the zero fre-
quency contribution dominates the Casimir interaction
between polystyrene surfaces across a layer of water even
at distances as low as ∼ 102 nm [39–41]. Unfortunately,
in this range the overall attractive signal is weak and a
comparison with theory is difficult to implement [42], also
in part because of surface roughness effects [43, 44]. Re-
cent force measurements with polystyrene microspheres
for distances up to ∼ 20 nm are not sensitive to screening
[45] (see also [46] for a review).
Very weak double-layer forces between polystyrene mi-
crospheres, of the order of 10 fN, were recently measured
with the help of optical tweezers [41]. Optical tweezers
are ideally suited to probe the zero-frequency contribu-
tion to the Casimir interaction, and hence its reduction
by salt screening, since trapping with a single laser beam
requires a condition of nearly index matching at the laser
wavelength (typically in the near infrared). Such experi-
ment should allow for a comparison with theoretical mod-
els built on scattering theory.
In this paper, we develop the scattering theory of the
Casimir interaction between two parallel planar surfaces
separated by a layer of an electrolyte solution. We take
the non-local response of the electrolyte into account and
analyze the propagation of longitudinal and transverse
modes and their coupling by reflection at the surface
of the (local) dielectric medium. The Casimir interac-
tion energy is then derived from the matrix describing a
round-trip of the electromagnetic waves propagating in
between the two interacting surfaces.
When taking typical values for the salt concentration,
we find that the presence of ions in solution does not
change the contribution of nonzero Matsubara frequen-
cies. For the zero frequency case, we recover the result of
Refs. [30–32], which is now reinterpreted as the screened
contribution of longitudinal modes written in terms of
the corresponding reflection coefficient. We also find an
additional term, accounting for the contribution of trans-
verse magnetic (TM) modes at zero frequency.
Our model is based on macroscopic Maxwell equations
and constitutive equations for the different materials in-
volved. We take the constitutive equation of a bulk elec-
trolyte to describe its nonlocal response. Note, however,
that the surfaces bounding the electrolyte modify the
constitutive equations and the derived reflection coeffi-
cients [47–50], which should modify our results at dis-
tances smaller than the characteristic Debye screening
length. Results for the van der Waals interaction beyond
the bulk approximation were derived in Ref. [51]. A more
microscopic theory, built on the analysis of charge fluctu-
ations as in Refs. [52–54], would be required to take into
account ion specific effects and density correlations [55],
which could play a role at very short distances.
The paper is organized in the following way. In Sec. II
we derive the reflection matrix describing the coupling
between longitudinal and transverse modes propagating
in the electrolyte solution. Such matrix is the build-
ing block for developing the scattering formalism of the
Casimir interaction in Sec. III. Numerical results for the
case of two polystyrene surface interacting across an
aqueous medium are presented in Sec. IV. Sec. V con-
tains concluding remarks.
II. REFLECTION MATRIX FOR THE
ELECTROLYTE-DIELECTRIC INTERFACE
The key ingredient for the scattering theory to be de-
veloped in the next section is the reflection matrix for
the interface between the electrolyte solution and the lo-
cal medium, describing the coupling between longitudi-
nal and transverse magnetic waves. We start by review-
ing the hydrodynamical model for 1:1 electrolytes in the
bulk approximation [21]. In Fourier space, the constitu-
tive equation for the ionic current is
J(K, ω) = σ`(K,ω)E`(K, ω) + σt(ω)Et(K, ω), (1)
where E`(K) and Et(K) are the longitudinal and trans-
verse components of the electric field, respectively. The
transverse conductivity is local and given by the usual
Drude-like model, whereas the longitudinal conductivity
is nonlocal:
σt(ω) =
ω2P
γ − iω , (2)
σ`(K,ω) =
ω2P
γ − iω + iv2thK
2
ω
, (3)
We have taken 0 = µ0 = 1. The plasma frequency is
ωP =
√
Ne2/m where N is the number of free charge
carriers per volume, e is the electric charge of cations
and m is the mass of both cations and anions (assumed
to be equal). The nonlocal behavior in real space trans-
lates into the K− dependence (spatial dispersion) in (3),
which is controlled by the parameter vth =
√
kBT/m
representing the thermal average velocity of the ions in
solution (kB = Boltzmann constant).
The electrolyte dielectric functions for transverse and
longitudinal waves follow from the conductivities dis-
cussed above:
1(ω) = b(ω)− ω
2
P
ω(ω + iγ)
(4)
`(K, ω) = b(ω)−
(
ω(ω + iγ)
ω2P
− λ
2
D
b0
K2
)−1
(5)
where b is the dielectric function of pure water at zero
ionic concentration. We have introduced the Debye
screening length in terms of the electrostatic permittivity
of the medium b0 :
λD =
√
b0
vth
ωP
=
√
b0kBT
Ne2
, (6)
which can be tuned by changing the salt concentration N.
3The spatial dispersion explicit in Eq. (5) allows for the
propagation of longitudinal waves satisfying the disper-
sion relation
`(K`, ω) = 0. (7)
We write the wave-vector K` = k` zˆ + k in terms of its
projection k on the xy plane. Transverse waves satisfy
the standard dispersion relation 1(ω)ω
2/c2 = k21 + k
2,
with Kt = k1 zˆ+ k.
We now consider the reflection of longitudinal and
transverse waves propagating in the electrolyte by a pla-
nar interface perpendicular to the z-axis. For a gen-
eral oblique incidence, TM and longitudinal waves be-
come coupled by reflection, while transverse electric (TE)
waves are reflected following the standard Fresnel for-
mula. The frequency ω and wavevector projection paral-
lel to the surface k are conserved by reflection.
In Appendix A, we derive the reflected fields for a gen-
eral incident wave propagating from the electrolyte. In
addition to the usual boundary conditions for the tangen-
tial electric and magnetic fields, we take the condition for
the ionic current Jz = 0 at the interface at z = 0 [21].
We use the indices s, p to represent TE and TM polar-
izations, respectively. We cast the results in terms of the
block-diagonal reflection matrix R giving the reflected
fields as a linear combination of incident tranverse and
longitudinal waves:E(r)sE(r)p
E
(r)
`
 = R
EinsEinp
Ein`

R =
(
rss 0 0
0 rpp rp`
0 r`p r``
)
(8)
rss is the standard Fresnel coefficient for TE polarization,
which is not modified by the presence of ions:
rss =
k1 − k2
k1 + k2
. (9)
The Fresnel coefficient for TM polarization rpp is modi-
fied by the coupling with longitudinal waves:
rpp =
2k1 − 1k2 + k2k` 2b (1 − b)
2k1 + 1k2 − k2k` 2b (1 − b)
(10)
and the diagonal element for longitudinal waves in Eq. (8)
is given by
r`` =
2k1 + 1k2 +
2
b
k2
k`
(1 − b)
2k1 + 1k2 − 2b k
2
k`
(1 − b)
(11)
The nondiagonal matrix elements describe the conversion
between TM-polarized and longitudinal waves:
r`p =
2 kk` k1
2
b
(1 − b)
2k1 + 1k2 − k2k` 2b (1 − b)
√
k2` + k
2
√
1 ω/c
(12)
rp` =
22k
2k1 + 1k2 − k2k` 2b (1 − b)
√
1 ω/c√
k2` + k
2
(13)
At normal incidence (k = 0), the reflection matrix is
diagonal, and rpp coincides with the standard Fresnel co-
efficient rTM for TM polarization as expected. We also
recover the standard TM Fresnel coefficient at frequen-
cies ω  ωP , since 1 ≈ b according to Eq. (4) in this
case. The ions are too slow to couple transverse and lon-
gitudinal waves at such large field frequencies, and then
the reflection matrix is approximately diagonal. Such
property entails that the contribution of nonzero Mat-
subara frequencies are nearly unaffected by the presence
of ions in solution, as discussed in the next section.
III. ROUND-TRIP MATRIX AND THE
CASIMIR INTERACTION ENERGY
In this section, we derive the Casimir interaction en-
ergy between two local dielectric half-spaces separated
by a layer (thickness L) of a (non-local) electrolyte so-
lution, as depicted in Fig. 1. For simplicity, we assume
that the local media on both sides have the same electro-
magnetic properties. Then the reflection matrices at the
two interfaces are identical.
z
electrolyte
L
3
cast the results in terms of the block-diagonal reflection
matrix R giving the reflected fields as a linear combina-
tion of incident tranverse and longitudinal waves:0@ E(r)TEE(r)TM
E(r)`
1A = R E inTEE inTM
E in`
!
with
R =
 
RTE 0 0
0 Rtt Rt`
0 R`t R``
!
(7)
RTE is the standard Fresnel coe cient for TE polariza-
tion. The additional diagonal elements in (21) are given
by
Rtt =
✏2kt   ✏tk2 + k2k` ✏2✏b (✏t   ✏b)
✏2kt + ✏tk2   k2k` ✏2✏b (✏t   ✏b)
(8)
R`` =
✏2kt + ✏tk2 +
✏2
✏b
k2
k`
(✏t   ✏b)
✏2kt + ✏tk2   ✏2✏b k
2
k`
(✏t   ✏b)
(9)
The nondiagonal matrix elements describe the cou-
pling between TM-polarized and longitudinal waves:
R`t =
2 kk` kt
✏2
✏b
(✏t   ✏b)
✏2kt + ✏tk2   k2k` ✏2✏b (✏t   ✏b)
p
k2` + k
2
p
✏t !/c
(10)
Rt` =
2✏2k
✏2kt + ✏tk2   k2k` ✏2✏b (✏t   ✏b)
p
✏t !/cp
k2` + k
2
(11)
For normal incidence (k = 0), the reflection matrix is
diagonal, and Rtt coincides with the standard Fresnel co-
e cient RTM for TM polarization as expected. We also
recover the standard TM Fresnel coe cient at frequencies
!   !P , since ✏t ⇡ ✏b according to Eq. (3) in this case.
The ions are too slow to couple transverse and longitu-
dinal waves at such large field frequencies, and then the
reflection matrix is approximately diagonal. Such prop-
erty entails that the contribution of positive Matsubara
frequencies are nearly un-changed by the presence of ions
in solution, as discussed in the next section.
III. ROUND-TRIP MATRIX AND THE
CASIMIR INTERACTION ENERGY
In this section, we derive the Casimir interaction en-
ergy between two local dielectric half-spaces separated
by a layer (thickness L) of a (non-local) electrolyte so-
lution, as depicted in Fig. 1. For simplicity, we assume
that the local media on both sides have the same electro-
magnetic properties. Then the reflection matrices at the
two interfaces are identical.
After Wick rotation, the Casimir free energy (temper-
ature T and interface area A) is written as a sum over
ϵ2
ϵl
z
ϵ2
(free charges)
L
ϵt
FIG. 1: Casimir interaction across a non-local medium con-
taining free charges. For simplicity, we assume that the local
media on both sides have the same electromagnetic proper-
ties.
the Matsubara frequencies ⇠n = 2⇡ nkBT/h¯, with n a
non-negative integer:
F = kBT A
1X
n=0
0
Z
d2k
(2⇡)2
ln det(1 Mn) (12)
with the prime indicating that the n = 0 term is multi-
plied by 1/2. The round-trip matrix Mn is given by
Mn = R e KLR e KL (13)
The reflection matrix R for the electrolyte-dielectric in-
terface was derived in the previous section.
The propagation matrix e KL is diagonal:
e KL =
 
e L 0 0
0 e L 0
0 0 e `L
!
(14)
We employ the results of Sec. III for the TM-
logitudinal reflection matrix R after taking the replace-
ments
! ! i⇠n (15)
✏t ! ✏ (16)
kt ! i = i
p
k2 + ✏⇠2n/c
2 (17)
k2 ! i2 = i
p
k2 + ✏2⇠2n/c
2 (18)
k` ! i` = i
s
k2 +
⇠n(⇠n +  ) + !2P
 2D!
2
P
(19)
The (nonlocal) longitudinal dielectric constant (4) is
written as
✏`(K, ⇠n) = ✏b(i⇠n) +
!2P
⇠n(⇠n +  ) + v2thK
2
(20)
Eq. (17) shows that ✏`(K, ⇠n) is a Lorentzian of width
⇡ ⇠n/vth for any positive Matsubara frequency. In real
space, the displacement field D is then given in terms
of the electric field E by a convolution integral with an
exponential kernel, corresponding to the characteristic
length scale
sn ⌘ vth/⇠n =  dB/[(2⇡)3/2n], (21)
3
cast the results in terms of the block-diagonal reflection
matrix R giving the reflected fields as a lin ar combina-
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!
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R =
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(7)
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✏2kt + ✏tk2 +
✏2
✏b
k2
k`
( t   ✏b)
✏2kt + ✏tk2   ✏2✏b k
2
k`
( t   ✏b)
(9)
The nondiagonal matrix elements describe the cou-
pling between TM- olarized and longitudinal waves:
R`t =
2 kk` kt
✏2
✏b
(✏t   ✏b)
✏2kt + ✏tk2   k2k` ✏2✏b ( t   ✏b)
p
k` + k
2
p
✏t !/c
(10)
Rt` =
2✏2k
✏2kt + ✏tk2   k2k` ✏2✏b ( t   ✏b)
p
✏t !/cp
k2` + k
(11)
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E(r)`
1A = R E inTEE inTM
E in`
!
with
R =
 
RTE 0 0
0 Rtt Rt`
0 R`t R``
!
(7)
RTE is the standar Fr snel coe cie t for TE polariza-
tion. The additional diagonal el ments i (21) are given
by
Rtt =
✏2kt   ✏tk2 + k2k` ✏2✏b (✏t   ✏b)
✏2kt + ✏tk2   k2k` ✏2✏b (✏t   ✏b)
(8)
R`` =
✏2kt + ✏tk2 +
✏2
✏b
k2
k`
(✏t   ✏b)
✏2kt + ✏tk2   ✏2✏b k
2
k (✏t ✏b)
(9)
The nondiagonal matrix lements describe the cou-
pling between TM-polarized and longitudina waves:
R`t =
2 kk` kt
✏2
✏b
(✏t   ✏b)
✏2kt + ✏tk2   k2k` ✏2 (✏t   ✏b)
p
k2` + k
2
p
✏t !/c
(10)
Rt` =
2✏2k
✏2kt + ✏tk2   k2k` ✏2✏b (✏t   ✏b)
✏t !/cp
k2` + k
2
(11)
For normal incidence (k = 0), the reflection matrix is
diagonal, and Rtt coincides with the standar Fr nel co-
e cient RTM for TM polarization as expected. We ls
recover the standard TM Fresnel coe cien t fr qu nci s
!   !P , since ✏t ⇡ ✏b according to Eq. (3) in this case.
The ions are too slow to couple ansv rse and l ngitu-
dinal waves at such large field fr quencies, and th n the
reflection matrix is approximately diagonal. Such prop-
erty entails that the contribution of positive Matsubara
frequencies are nearly un-changed by the presence of ions
in solution, as discussed in the next ection.
III. ROUND-TRIP MAT IX AND THE
CASIMIR INTERACTION ENERGY
In this section, we derive t e Casimir interaction en-
ergy between two local dielectric half-spaces separated
by a layer (thickness L) of a (non-local) electrolyte so-
lution, as depicted in Fig. 1. For simplicity, we assume
that the local media on both sides have the same electro-
magnetic properties. Then the reflection matric s at th
two interfaces are identical.
After Wick rotation, the Casim r free energy (temper-
ature T and interface rea A) is wr tt n s a sum over
ϵ2
ϵl
z
ϵ2
(free charges)
L
ϵt
FIG. 1: Casimir interaction across a non-local medium con-
taining fr e charges. For simplicity, we ssume that the local
media on both sides have the same electromagnetic proper-
ties.
the Matsubara frequenci s ⇠n = 2⇡ nkBT/h¯, with n a
non-negative integer:
F = kBT A
1X
n=0
0
Z
d2k
(2⇡)2
ln det(1 Mn) (12)
with the prime indicating that the n = 0 term is multi-
plied by 1/2. The round-trip matrix Mn is given by
Mn = R e KLR e KL (13)
The reflection matrix R for th electroly e-dielect ic in-
terface was derived in the pr vious s ction.
The propagation matrix  KL is diag al:
e KL =
 
e L 0 0
0 e L 0
0 0 e `L
!
(14)
We employ the results of Sec. III for the TM-
logitudinal reflection matrix R fter tak ng the eplace-
ments
! ! i⇠n (15)
✏t ! ✏ (16)
kt ! i =
p
k2 + ✏⇠2n/c
2 (17)
k2 ! i2 = i
p
k2 + ✏2⇠2n/c
2 (18)
k` ! i` = i
s
k2 +
⇠n(⇠n +  ) + !2P
 D!
2
P
(19)
The (no local) longitudinal die e tric cons ant (4) s
written as
✏`(K, ⇠n) = ✏b(i⇠n) +
!2P
⇠n(⇠n +  ) + v2thK
2
(20)
Eq. (17) shows that ✏`(K, ⇠n) is a Lorentzian of width
⇡ ⇠n/vth for any positive Matsubara frequency. In real
space, the displacement field D is then giv in terms
of the electric field E by a convolution integral with an
exponential kernel, corresponding to the cha acterist c
length scale
sn ⌘ vth/⇠n =  dB/[(2⇡)3/2n], (21)
✏1, ✏`
!1
!2
 M =  4.84mV
 P =
2⇡c
!P
r1r2 = 0.9
r1 2 = 0.6
k = 1
k = 2
 (ra, t) =  1(r , t) +  2(ra, t)
 k(ra, t), k = 1 2
1
FIG. 1: Casimir interaction across a layer of thickness L con-
taining a non-local electrolyte solution, with dielectric func-
tions 1 and ` for transverse and longitudinal waves, respec-
tively. For simplicity, we assume that the interacting (local)
half-spaces share the same dielectric function 2. The Casimir
energy is computed from the matrix R describing the cou-
pling between longitudinal and transverse waves by reflection
at the interface.
After a Wick rotation, the Casimir free energy is
written as a sum over the Matsubara frequencies ξn =
2pi n kBT/h¯, with n integer. The (nonlocal) longitudinal
dielectric constant (5) is then written as
`(K, |ξn|) = b(i|ξn|) + ω
2
P
|ξn|(|ξn|+ γ) + v2thK2
(14)
Eq. (14) shows that `(K, |ξn|) is a Lorentzian of width
≈ |ξn|/vth for any nonzero Matsubara frequency. In real
space, the displacement field D is then given in terms
of the electric field E by a convolution integral with an
exponential kernel, corresponding to the characteristic
length scal
λn ≡ vth/|ξn| = λdB/[(2pi)3/2|n|], (15)
4where λdB =
(
2pih¯2
mkBT
) 1
2
is the thermal de Broglie wave-
length of the ions at room temperature. Since this length
is extremely small, we conclude that the electrolyte be-
haves approximately as a local medium for all nonzero
Matsubara frequencies, as discussed in further detail be-
low. On the other hand, for the zero frequency (14) yields
`(K, 0) = b0(1 + 1/(λDK)
2), so that the scale of vari-
ation with K is now controlled by the Debye screening
length λD instead of the de Broglie wavelength. Thus,
we expect strong nonlocal effects and the contribution of
longitudinal modes as far as the zero-frequency contribu-
tion is concerned.
The Casimir free energy is written in terms of the
round-trip operator M(|ξn|) describing the scattering of
longitudinal and transverse waves between the interact-
ing surfaces of area A:
F =
∞∑
n=−∞
Fn (16)
Fn
A
=
kBT
2
∫
d2k
(2pi)2
ln det[1−M(|ξn|)] (17)
The round-trip matrix M(|ξn|) is given by
M(|ξn|) = R e−KLR e−KL (18)
The reflection matrix R for the electrolyte-dielectric in-
terface was derived in the previous section. We replace
ω by i|ξn| and the axial wave-vector components for
the transverse waves in medium m = 1, 2 by iκm =
i
√
k2 + mξ2n/c
2. The longitudinal waves in the elec-
trolyte correspond to
iκ` = i
√
k2 +
1
v2th
(
|ξn|(|ξn|+ γ) + ω
2
P
b(i|ξn|)
)
.
The propagation matrix e−KL is diagonal:
e−KL =
(
e−κ1L 0 0
0 e−κ1L 0
0 0 e−κ`L
)
(19)
When writing the scattering formula (17), we have as-
sumed a condition of full thermodynamical equilibrium
for all scattering channels, including the longitudinal
modes associated to the presence of movable ions. In
addition, our derivation is based on the bulk model for
the non-local response reviewed in the previous section.
Given such assumptions, we are not allowed to take the
limit L λD, which would eventually suppress the longi-
tudinal channel and introduce the effect of the interfaces
already at the level of the constitutive equations.
The determinant in Eq. (17) is evaluated explicitly:
det[1−M(|ξn|)] =
(
1− r2sse−2κ1L
) a0 + a1 ∆ + a2 ∆2
(1 + ∆)2
(20)
with rss defined by Eq. (9). The parameter ∆ quantifies
the strength of the coupling between TM and longitudi-
nal waves:
∆ =
2
b
k2(1 − b)
κ`(2κ1 + 1κ2)
(21)
and also
a0 = (1− e−2κ`L)
[
1−
(
2κ1 − 1κ2
2κ1 + 1κ2
)2
e−2κ1L
]
a1 = 2(1 + e
−2κ`L)
(
1 +
2κ1 − 1κ2
2κ1 + 1κ2
e−2κ1L
)
+
82κ1
2κ1 + 1κ2
e−(κ1+κ`)L
a2 = (1− e−2κ`L)(1− e−2κ1L) (22)
Since kBT  h¯ωP for electrolytes, for nonzero Mat-
subara frequencies we have 1 − b  1 and then ∆ 1.
Thus, the round-trip matrix is approximately diagonal
leading to independent contributions from the three po-
larizations:
Fn
A
≈ kBT
2
∫
d2k
(2pi)2
[ ∑
σ=s,p
ln(1− r2σσe−2κ1L) (23)
+ ln(1− e−2κ`L)
]
(n 6= 0)
As 1 ≈ b, we can ignore the presence of ions when com-
puting the TM Fresnel reflection coefficients rpp in (23)
and use instead the standard result for local dielectric
media
rpp ≈ 2κ1 − 1κ2
2κ1 + 1κ2
(n 6= 0)
In addition, we can approximate κ` ≈
√
k2 +
ξ2n
v2
th
when
computing the contribution of longitudinal modes, cor-
responding to the second term in the rhs of (23):
F longn
A
≈ − kBT
8piλn L
exp
(
−2L
λn
)
, (n 6= 0)
where λn, defined by Eq. (15), is the characteristic non-
local length at nonzero Matsubara frequencies. Since λn
is smaller than the thermal de Broglie wavelength of the
ions and is below the A˚ngstro¨m range, F longn is exponen-
tially suppressed. Thus, we recover the standard DLP
result for local materials [17] for all nonzero Matsubara
frequencies.
For the zero frequency contribution, we find
a0 = a2 = (1− e−2
√
k2+1/λ2
D
L)(1− e−2kL)
a1 = 2(1 + e
−2
√
k2+1/λ2
D
L)(1− e−2kL). (24)
5The expression given by (20) then simplifies, and Eq. (17)
leads to
F0
A
= kBT2
[
− ζ(3)
8piL2
(25)
+
∫
d2k
(2pi)2
ln
(
1− r2``e−2
√
k2+1/λ2
D
L
)]
with the longitudinal reflection coefficient obtained from
(11) by taking ξ = 0 :
r`` =
b
√
k2 + 1/λ2D − 2k
b
√
k2 + 1/λ2D + 2k
(n = 0) (26)
The first term in the rhs of (25) accounts for the contribu-
tion of TM modes and is written in terms of the value of
the Riemann zeta function ζ(3) ≈ 1.202. The result (25)
can also be obtained directly from the reflection matrix
R by noting that rp`r`p → 0 and rpp → −1 when ξ → 0.
In conclusion, we find that the modification of the
nonzero Matsubara frequency contributions on account
of the movable ions is very small. For the zero-frequency
case, on the other hand, we find a (screened) contribu-
tion from longitudinal waves, the second term in the r.-
h.-s. of (25), which coincides with the result of Refs. [30–
32]. Within the scattering approach, such contribution
is written in terms of the coefficient r`` describing the
reflection of longitudinal waves at the limit of zero fre-
quency. According to Eq. (25), the screened contribution
of longitudinal waves is accompanied by an unscreened
contribution from the TM-polarized modes, which is not
suppressed even in the limit of strong screening.
IV. A NUMERICAL EXAMPLE:
POLYSTYRENE SURFACES INTERACTING
ACROSS AN AQUEOUS SOLUTION
In this section, we apply the formal expressions derived
previously to the important example of polystyrene half-
spaces interacting across a layer of an aqueous solution.
We take T = 293 K and the Lorentz model with the pa-
rameters given by Ref. [56] to describe the required di-
electric functions. Similar results are obtained by taking
the models proposed in Ref. [40].
It is convenient to define the Hamaker coefficient [40]
H(L) = −12pi L2 F(L)
A
. (27)
In Fig. 2, we plot H (in units of kBT ) as a function of
L/λD. We consider two different values for the monova-
lent salt concentration: 90 mM yielding λD = 1 nm and
0.9 mM corresponding to λD = 10 nm. They are repre-
sented by the black and blue (dark grey) lines in Fig. 2,
respectively, which are calculated by combining (16)-(17)
with the full exact expression (20). As discussed in con-
nection with Eq. (23), the contribution from nonzero fre-
quencies is well approximated by the DLP standard result
[17] neglecting the presence of ions in solution. For the
examples shown in Fig. 2, the relative difference between
the exact and DLP results for the nonzero-frequency con-
tribution is of the order of 10−5.
The red (light grey) line in Fig. 2 corresponds to the
separate zero-frequency contribution as computed from
Eq. (25). The resulting contribution to the Hamaker co-
efficient is an universal function of L/λD exhibiting two
well defined plateaus, with a crossover at L/λD ∼ 1. At
short distances, L  λD, we add the contribution of
longitudinal channels, whose magnitude is controlled by
the reflection coefficient r`` given by (26), to the univer-
sal constant value HTM0 =
3
4ζ(3)kBT ≈ 0.9 kBT arising
from TM-polarized modes. As the distance increases, the
former is suppressed by screening, while the latter defines
the asymptotic limit of the total Hamaker coefficient at
long distances.
Indeed, as the distance approaches the thermal wave-
length h¯c/(kBT ), the nonzero-frequency contribution is
also exponentially suppressed, and then the Hamaker
coefficient goes to the zero-frequency asymptotic value
HTM0 . Such behaviour is indicated in Fig. 2, particu-
larly for the blue (dark grey) curve corresponding to
λD = 10 nm, since larger distances are shown in this case.
The contribution of nonzero frequencies is maximized at
short distances. When added to the zero-frequency value,
it defines the unretarded Hamaker ‘constant’ H(0) cor-
responding to the short-distance plateau for the black
and blue (dark grey) lines. The former, corresponding
to λD = 1 nm, develops a second plateau at intermediate
distances such that λD  L  λ0, with λ0 representing
the typical scale for the resonance wavelengths of wa-
ter and poystyrene. In this range, the longitudinal zero-
frequency term is suppressed by ionic screening, but the
nonzero-frequency contribution is still approximately un-
affected by electrodynamical retardation. On the other
hand, when considering λD = 10 nm, both screening and
retardation take place at approximately the same dis-
tance range, leading to the more steady decay of the
Hamaker coefficient shown by the blue (dark grey) line
in Fig. 2.
The results obtained in this section can be directly ap-
plied to the interaction between two polystyrene micro-
spheres across an aqueous solution, provided that their
radii R1 and R2 are much larger than the distance. In
this case, we can take the proximity force approximation
(PFA), also known as Derjaguin approximation [57], in
order to derive the attractive Casimir force FSS between
the two spheres from the free energy for parallel planar
surfaces taken at the distance of closest approach L :
FSS = 2piReff
F(L)
A
(28)
with Reff = R1R2/(R1 +R2).
In Fig. 3, we plot |FSS|/Reff versus distance taking
λD = 10 nm. The solid line corresponds to the scattering
theory and is obtained from the results for the Hamaker
coefficient displayed in Fig. 2 combined with Eqs. (27)
6aqueous 
solution 
L
polystyrene polystyrene
L/λD
H
/(k
BT
)
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FIG. 2: Variation of the Hamaker coefficient (in units of
kBT ) with distance (in units of the Debye screening length
λD). We consider two polystyrene surfaces interacting across
an aqueous solution. Black: λD = 1 nm; blue (dark grey):
λD = 10 nm. The red (light grey) line represents the zero-
frequency contribution, which is an universal function of
L/λD.
and (28). The dashed line shows the results calculated
from the linear Poisson-Boltzmann equation for the zero-
frequency contribution [30–32], combined with the DLP
formalism [17] for the nonzero frequencies. The numer-
ical difference between the two curves arises from the
contribution of TM modes at the limit ξ → 0, which
is taken into account within the scattering theory but
not by the approach of Refs. [30–32]. At short distances,
zero-frequency TM contribution is a relatively small frac-
tion of the total interaction energy. Thus, the two curves
shown in Fig. 3 are close to each other for L <∼ 10 nm,
which is the typical range probed with polystyrene col-
loids [45, 46]. Specifically, the relative discrepancy in-
creases from 35% at L = 1 nm to 48% at L = 10 nm.
On the other hand, Fig. 3 shows that the two models
deviate strongly from each other as L increases past the
length scales λD and λ0, due to the suppression of the
longitudinal and nonzero-frequency terms as discussed in
connection with Fig. 2. An order-of-magnitude discrep-
ancy is found at L = 100 nm. Such range of distances
might be reachable by employing optical tweezers [41],
which allow for the measurement of very weak interac-
tions.
V. CONCLUSION
We have developed the scattering approach to the
Casimir interaction across an electrolyte solution. The
key ingredient in our formalism is the matrix describing
the reflection of transverse and longitudinal waves at the
interfaces between the electrolyte and the interacting di-
electric materials. Our derivation considers arbitrary fre-
quencies, and the zero-frequency contribution is obtained
by taking the limit ξ → 0 at the very end. As expected,
we find that the ions in solution do not modify, to a very
� � �� �� ��� ���
��-�
����
�
���
L(nm)
| F
SS
| /R
eff
(pN
/μm
)
LR1 R2
FIG. 3: Variation of the Casimir force FSS between two
polystyrene microspheres with distance L. The microspheres
of radii R1 and R2 interact across an aqueous solution with
λD = 10 nm. We assume that R1, R2  L and calculate the
force within the proximity force approximation, which is pro-
portional to the effective radius Reff = R1R2/(R1 +R2). The
dashed line is calculated by considering longitudinal chan-
nels at zero frequency alongside the nonzero frequency modes,
whereas the solid line also adds TM channels at the limit of
zero frequency in accordance with the scattering approach.
good approximation, the contributions at nonzero Mat-
subara frequencies. At zero frequency, we find a screened
contribution of longitudinal scattering channels which
agrees with the result of previous derivations based on
the linear Poisson-Boltzmann equation [30–32]. Within
the scattering approach, such screened contribution is
cast in terms of the reflection amplitude r`` for longitu-
dinal waves. Our derivation provides a new insight into
the nature of the screened contribution to the Casimir
force, and paves the way for the generalization to more
general setups and geometries.
In addition to the contribution of longitudinal chan-
nels, we find a second contribution at zero frequency,
associated to TM-polarized modes, which is not screened
by the presence of ions and as a consequence defines the
asymptotic behavior of the interaction at long distances.
Our results are based on the bulk model for the electro-
magnetic response of the electrolyte. Hence they should
be valid for distances L >∼ λD. This condition overlaps
with the distance range that allows for the suppression
of the double-layer interaction between charged dielec-
tric surfaces. Thus, our derivation is well adapted to
experimental conditions aiming at isolating the Casimir
interaction from electrostatic force signals.
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Appendix A: Derivation of the reflection matrix
elements
In this appendix, we derive the matrix R describing re-
flection at the interface between the electrolyte and the
local medium. We consider longitudinal and transverse
waves propagating in the electrolyte occupying the half-
space z < 0. They are reflected at the interface at z = 0
and refracted into the local dielectric medium located at
the haf-space z > 0. A similar derivation was presented
for describing the optical excitation of plasmons in met-
als [58]. However, we take Jz = 0 at the interface with
the electrolyte, whereas Ref. [58] proposes the continuity
of Ez at the interface between the metallic medium and
vacuum as the additional boundary condition. Thus, the
reflection matrix derived here diverges from the results
of [58] for the metal-vacuum interface.
We first consider the case of an incident TM wave.
Without loss of generality, we assume that the incidence
plane coincides with the xz plane. The total field in the
nonlocal medium 1 is written as E = E
(i)
p + E
(r)
p + E
(r)
`
where
E(i)p = E0 exp (iKp · r) yˆ ×Kp (A1)
E(r)p = rppE0 exp (iKp¯ · r) yˆ ×Kp¯ (A2)
E
(r)
` = r`pE0 exp (iK` · r) K` (A3)
represent the incident, TM reflected, and longitudinal
reflected waves, respectively. In the local medium 2, the
refracted field is TM-polarized and given by
E2 = tppE0 exp (iK2 · r) yˆ ×K2. (A4)
The corresponding wave-vectors are written as
Kp = (k, 0, k1) (A5)
Kp¯ = (k, 0,−k1) (A6)
K` = (k, 0,−k`) (A7)
K2 = (k, 0, k2) (A8)
We now consider the boundary conditions at the inter-
face z = 0 between the two media. The continuity of the
tangential electric and magnetic fields lead to
(1− rpp) k1 + r`p k = tpp k2 (A9)
1 (1 + rpp) = 2 tpp . (A10)
For the third boundary condition, Jz = 0 at z = 0, we
take the dispersion relation (7) into account and then
write
(1 − b) (1 + rpp) k = b r`p k` (A11)
We now solve (A9), (A10) and (A11) for the coefficients
rpp, r`p and tpp.
The case of a longitudinal incident wave can be solved
in a similar way. Since the dimensionless vectors defin-
ing the polarizations in (A1)-(A3) are non-unitary, the
non-diagonal matrix elements describing the coupling be-
tween transverse and longitudinal waves should be multi-
plied by the ratio between the vectors moduli. The final
results are given by Eqs. (10)-(13).
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